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Let {P,} (neZ ) denote the sequence of orthonormal polynomials with respect
to the weight w(x){ —1 < x < 1). The representation of the kernel

n
Bix, 3, 2)= Y pxypd PPz} (meZ,; —1<x 7<)

k0
is given, We use this result to construct a “double-humpbacked majorant™ of the
kernel 9,(x, y,z) to estimate the Lebesgue quasifunction, and to compute the
infinite sums

Y A plX) p( ) pil2) (A eRY 4,0, keZ ),
k=0

which appear in some problems of mathematical physics and in the theory of group
representations.  © 1991 Academic Press, Inc.

1. INTRODUCTION

Let w(x) be nonnegative in [ —1, 17 and positive almost everywhere on
I —1, 11, and suppose

fl wix} dx < oc.

We call w(x) a weight function (weight). Associated with w{x) is the
sequence of orthonormal polynomials ONSP{p,=p,(w;x)} (neZ, =
{0, 1,2, ..}), where

pn(x) :knxn +
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0021-9045/91 $3.00

Copyright € 1991 by Academic Press, Inc.
Al rights of reproduction in any form rescrved.



94 BORIS P. OSILENKER

has degree n with k£, =k,(w)>0 and

1 for m=n

[ 52y w) dx={0 o

The orthonormal polynomials satisfy the three-term recurrence relation
[12, p. 17; 48, pp. 55-56]

Xpu(X) =y D1 (X) +u pu(X)+ a1 Py i (X)(p 1 (¥)=0,neZ,),  (L1)

where, for neZ ., the recurrence coefficients a,=a,(w) and u,=u,(w)
satisfy

k.,
a,=
kn +1

and

1

u,= f xp2(x) w(x) dx.

—1

Note that

a,<1, lu,] <1 (nez,) (1.2)
and, moreover (Rahmanov’s theorem [46, 28, 471),

lim a,=1, lim u,=0. (1.3)

n— oo n-» o

A system of orthogonal polynomials for which the recurrence coefficients
satisfy (1.3) belongs to the class M = M(1, 0), introduced by Nevai [31].
Let us define

Mo=14 3 lag—3l+ Y lw|  (neZ)), (1.4)
k=0 k=0

where a,, u, (neZ ) are the coefficients of the recursion formula (1.1).
The estimate

H,=o(n)  (n—o0) (1.5)

holds by virtue of (1.3).

By Favard’s theorem [12, p. 60] the recursion formula (1.1) completely
determines the orthonormal sequence {p,} (neZ_); therefore, many
investigations are devoted to ONSP {p,} (neZ. ), defined by the recur-
sion formula. This is of interest in scattering theory, in chain sequences, or
in spectral theory of Jacobi matrices [1, 6, 8, 15, 24, 34].
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With appropriate conditions of the recurrence coefficients one can obtain
properties of the weight w, asymptotics for {p,} and the zeros of p,(x),
weighted estimation, and so on [6, 8, 9, 15, 16, 19, 24, 31-34, 49, 50].

We also remark that the polynomials are generalized eigenfunctions in /?
for the Sturm-Liouville singular difference operator (see [6, Chap. VII,
Sect. 11}

(Lw)tz = an— i“’:*zv i + unwn + an wn+ i
= (V[a(d4w)D,+q,w, (w_,=0,neZ.}
where

w={w,}, Aw,=w, —w,, Vw,=w,—w,
a={an}7 qnzan~1+an+un

} (neZ ).

A fundamental role for the treatment of expansions of functions in
orthogonal polynomials is played by the Christoffel-Darboux summation
formula

B0 )= pulx) pel(y)

k=0

_ g PP Pul) = Pul3) P 1(X)
n y“x

(reZ . ;y,xe[—-1,17).
We consider the trilinear kernel

Zox,y2)= 3 pX) p(D) pelz)  (meZ 5 —1<xy,z<1),  (L6)

k=0
which possesses the reproduction property: for every polynomial

i3

n(x)= ) cplx) (meZ ;xe[-1,1])
o

k=

the relation

[ 7le) By, 3, 1) wie) o

7

=Y pdx)p(y)  (neZ,;x,ye[—1,11)

k=0

holds.
The following problem often arises in mathematical physics and in the
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theory of group representations [10, 45, 51]: determine the sum of the
series

S e palx) Pr(2) pal2) = K(x, 3, 73 A), (L.7)

k=0
where

1
}Lz{ﬂ,n;%:—»,},KERI,AH¢O,1¢GZ+} (1L.8)
Po
is any given sequence. For example, in [10,45] for the orthogonal
ultraspherical polynomials {Ci(x)} (x>0) it is shown that

éﬂ (k +%) {%{2%}1 Cx(cos @) Cx(cos B) Cx(cos 7)

=2"*x[I'(x)] * [sin asin f sin y]' =™

_ - — ¥r—1
x{sina+§+ysinﬁ+; asina §+ysinm+§ 'y} R

where O0<ua, B, y<n, and a triangle can be drawn with sides «, §, v,
assuming that the sum of any two of the sides is less than or equal to x;
otherwise the infinite sum is 0.

The main purpose of this paper is to state a representation of the kernel
Z(x, y, z). We apply this result to the computation of the infinite trilinear
sums (1.7), (1.8) and to the construction of a “double-humpbacked
majorant” of the trilinear kernel Z,(x, y, z).

Some of our results were discussed in [35-37]. Other applications of the
representation of the trilinear kernel &, and of the estimation of a “double-
humbacked majorant” will be given in forthcoming articles.

2. A ForMuULA FOR THE KERNEL:
COMPUTATION OF THE TRILINEAR SuM

Let us define the function T,(x) by the formulae
T, (x)=cos(narccos x) (n=1,2, ..}, To{x)=1(—=1<gx<1).

Then T,(x) is a polynomial of degree n with a positive leading coefficient.
The system

p(x)= fT(X)(n—12 g

“”(JC)“:/-: Tolx) (—1<x<1)
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is the system of orthonormal polynomials with weight

Wwol(x) = (—=l<x<1)

1
J1—x?
(Chebyshev polynomials of the first kind). We have

xpOx)=5pP () +1pP (x)  (n22)

and, consequently, the system {p(x)} (neZ,) belongs to Nevai’s
M-class. Putting

x=cosa, y=cos f, {, =cos(a—f), {_ =cos{a+f),

we obtain

T Tu(x) Tu(y) Tilz)

k=0

i

LS Tl T 43 S Tl ) Tu(2)
k=0

k=0

and by the Christoffel-Darboux summation formula the sums on the right-

hand side becomes a sum of two fractions with denominators z —¢{_ and

z—{ . So, if the recurrence relation (1.1) belongs to Nevai's M-class, one

expects that the trilinear kernel has two peaks near z={_and z={_.
Note that

VA=) 1=y, (o=xp+ /01— )
(—=1<x,y<1) PAY

{ =xy~—

50

{_ =2z~ )=1+2xyz—x*—y*—7* (—1<xp32<)  (22)

and

gt fy —0 @
a+§+ysma ‘g ysxnﬁ+; msma §+y’

{2.3)

{_—z}{z~{,)=4sin

where x=cosa, y=cos 5, z=cosy (0<a, B, y <n).
The next statement plays a fundamental role throughout this paper.
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LemMa 2.1. For a general ONSP {p,} (neZ ) the following represen-
tation is valid:

(=0 )y —2) D>, p, 2)
=An(-x9 Y, Z)+Bn(xa Y Z)+E,,(X, Vs Z) (HGZ+; -1 <X, Vs P 1), (24)

where

A,(%, y, 2) =28, Py 1(X) P 1(¥) Prir(2)
+[1+2a; ;= 3(a;_, +a3)1pu(x) pu(y) Pul2)
+2a, @[ Pps (%) Pu_i(Y) Puri(2)
+ Pns1(X) P s(¥) Pr1(2) + Do i(X) P 1 (V) P 1(2)]
=yl 1 [Pt 2(X) Pl Y) Pa(2)
+ Du(X) Pt 2(§) Pu(2) + pu(X) DoY) Pri2(2)]; (2.5)

Byt 3, 2)= Y [(ax— 1)(2a2~2a,—1)
k=0

+la 1 — 2)Q2a;_ =24, = )] pul(x) pi(y) pil2)

+2 Z akak+1(ak+1—%)[pk+2(x)pk(y)pk+2(z)

k=0

+ Pr+2(X) P 2(¥) Pil2) + PidX) P 2(¥) P+ 2(2)]

2 z ki s 1(ax— HLpe+2(x) (3 Pul2)
+ pk(;)pk+2(y)pk(2) + Pi(x) pr(¥) Pre2(2) 5 (2.6)
and
E.(x, ¥, Z)=ki0 eu(x, v, 2) (neZ, ;x,y,ze[—1,1]) 2.7)
with

ex(X, ¥, 2)=2ue{[ag pres1(X) + ar_1 i 1(x)]
X [a pes (V) + @1 pe—1(¥)] pi(2)
+ L@k P 1(X) + kg prc—1(x) 1 pi( )
X [ar pres1(2) + ue prl2) + ax_y P 1(2)]
= Ju pi(x) Pu(¥) Pi(2)
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+ Pl Py (¥ F 1 PP} + i P 1(3)]

x Lag pi(z) + we pilz) + a .y p_1(2)]}

— a1+ P () Pl V) pilz)

+ Pe(X) Prc 1 () Pi(2) + pulX) Pl ¥) P 1(2)]

— (i1 F u)[Pr—ox) P ¥} Pil2)

+ 2iX) P20 Pi(2) + (%) Pil(¥) Pic-2(2)]. (28]

Here {a;}, {u,} (k€Z ) are recurrence coefficients in (1.1} for the polyno-
mials p(x) (neZ )and —1<x,y,z< 1.

Proof. In view of the three-term recurrence relation (1.1} it is not
difficult to see that

X°PX) = iy i1 Py o(X) + @ttty 1) Py 1 ()
Fan tan+un) pu(x)+a, (4, g+ 1,) P y(x)
+a, 28, Py a(x)  (neZ ;p_(x)=0,p_,{x)=0).
By (2.2) we have

(z=CHE s —2) pilx) Pi(¥) Pik2)

= (L4 2xyz — %% — p* — 2%) p(x) pil ¥) i(2)

= pulx) pi(¥) Prl2) + 283 i 1(%) Py 1(9) Pa s 1(2)
+ 2051 8E Piego (%) P 1() Picr1(2)
+ 205 105 Prey 1) Py {9) P 1(2)
+20% @ P 1 () P 1(9) Pre—1(2)
+ 20,18 Pie—1(X) Pies 1Y) Pres1(2)
+ 20,07y Pre—1(X) Pr— 1Y) Pic s 1(2)
+2a; P 1(%) Prs (Y)Y Pre—1(2)
+2a7 P (X) Pict(9) pre—1(2) + ex(x, 3, 2)
=@l 11 Pie s 2(X) Pi(¥) pil2) — (@i _y + a3) pilx) paly) pil2)
=28y Pre—2(X) PIY) PilZ) — @ p o 1 Pa(X) Dic v 2(9) Pid2)
(a3 _, +ad) i) Pl ) i) — @425 pilX) Ps oA ¥) Pil2)
~ @ity 41 PilX) Pl V) Preso(2) =~ (a7 _; + 7)) pidx) 2l ¥) Pi(2)
— 205 1 Pi(%) pi(¥) pic—a(2),
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where e,(x, y,z) is defined by (2.8). We regroup similar terms of the
relation

(2= )4 —2) palx) il ) Pi(2)
= ex(X, . 2) + 283 Pre 1 1(X) P 1() Pic1(2)

+2a3 _y Pr—1(x) pre—1(¥) Pic_1(2)
+ [1=3(az_, +aR)1pu(x) pily) pal2)
+2; 1% P+ 1(X) Pre— 1(9) Pie v 1(2) — @i 21—y PilX) Prc_2(¥) Pi(2)
+2a5 13 Pres 1(X) Pic 1 () Pic 1(2) — @i 285y Pi(X) Pi(P) Pic—2(2)
+28; 15 pre—1(X) Prcs (V) P+ 1(2) = @205 1 Pre_o(X) pily) pil2)
+2a; @ P 1(X) Preo (V) Pr—1(2) = @i 1 P 2(%) pil) Pil2)
+2a; @ pre—1(X) Pre— 1(¥) P+ 1(2) — @i 1 PilX) pil¥) Pic 1 2(2)
+2a% @y pr—1(X) Prci (¥) Pre—1(2) = @iy 1 Pi(X) P 2() Picl2).

For the proof of formulae (2.4)-(2.8) we consider the following “basic”
terms (the others are treated in a similar manner):

Zl = Z {Zail’lw1(x)Pk+1(J’)Pk+1(Z)

+[1=3(a; _,+a3)] plx) pu(») pal2)

+2a} _y pi 1(x) pr_1(¥) Pr_1(2)},

Zz = Z [2ak71ail7k+1(x)l7k~1(J’)Pk+ 1(2)
k=0

—a, 20,1 Pe(X) P _o2(¥) pil2)],
and

Zg = Z [Zalzc—lakpk+1(X)Pk—1()’)Pk_1(Z)
k=0

— @iy 1 Prr2(X) pr(y) Pi(2)].

Using p_;(x)=0 and 24} —3a; + {=(a,— $)(2a2 —2a,—1) (keZ,), we
have
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21 =zaipn+l(x)pn+l(y)pn+l(z)
+12a,_ +1=3(a;_; +a)] p.(x) pa() Pal2)

n—2
+ 2 [(ax— %)(2‘1%”2%*‘ 1)
k=0

+lax_1— 3)Q2ag—1=2a,_, — D1 pu(x) pi(y) pil2)-

Next, note that p_,(x)=p_(x)=0; then

1

Y, =2 Y 4 PisoX) DY) Prsal2)
k=

=0
—2

- Z @i i1 P o{X) DY) Prs2(2)
k=0

:Zan-—laipn+l(x)pn—-l(y)pn+I(Z)
n—2

+2 Z ap o (@ 1= ) Pies2(X) PrlY) Pics oA2).

k=0

In a similar way

Y= =1 Pasa(X) Pa(Y) PA(2)
a—1

+2 Z iy (@ — %)pk+2(x)Pk(y)pk{z)'

k=0
Formulae (2.4)-(2.8) are a consequence of the last three formulae.

Remarks. (1) The above result holds in particular for D.P. in Nevai’s
class.

(2) For an even weight w(x) on [ —1, 1] formulae (2.4)-(2.8) were
announced in [35].

(3} A similar result can be obtained for the trilinear form

Y ) (M qulz)  (meZ,; —1<x p,z<1),
k=0

where {¢q,} (neZ.) is the system of the functions or the polynomials of
the second kind [45, 51].

(4) Many papers are devoted to the investigations and the applica-
tions of the kernel 2,(x,y,z) for the classical polynomials and its
generalizations (cf. [4, 7, 10, 11, 13, 14, 17, 18, 20-23, 25-27, 38-44, 517}

{5) The following curious result can be inferred from Lemma 2.1.



102 BORIS P. OSILENKER

COROLLARY 2.2. For an ONSP {p,} (neZ ) with respect to an even
weight function w(x) on [—1,1], we have the representation for all
xe[—=1,1] andneZ:

20x—1)*(x+3) Y. pi(x)
k=0
=2a3p}, (x)+ [1+2a2_,—3(a2_, +a2)]pi(x)

n—1

+6an—1aipi+1(x)pn~1(x)—3anan+1pn+2(x)pi(x)
n—2

+6 Y apayy (a1 — 3) PilX) i o(%)
k=0

+Y [ae— Ha—2a-1)
k=0

+(ar_1— $)2az_,—2a;, ,—1)] pi(x)
n—1

+6 Y apdpy (@ — 3) PR(X) P o).
k=0
In fact, since w(x) is even u,=0 (neZ ) and for x=y=z

(= W, —2)=(x—1(2x+1) (—1<x<1).

Throughout this paper we consider ONSP {p,} (neZ,) with respect to
the weight w(x) on [—1, 1], for which the following hypothesis is valid:
there exists a positive L!-integrable function ¢(x) such that

[pa(X)| <o(x) (neZ,; —1<x<l) (2.9)

The following statement can be inferred from Lemma 2.1
Lemma 2.3, If (1.3) and (2.9) hold, then

|(z—=C_NCy —2) Dulx, , 2)
< [|4u(x, ¥, 2) + B,(x, y, 2) + E,(x, y, 2)|
SCHo(x)p(y)p(z) (neZ,;—1<x,p,z<l) (2.10)

We indicate some examples of ONSP {p,} (neZ,), satisfying the
condition (2.9). Throughout C, C,, C,4, .. denote positive constants,
independent of neZ, and x,y,ze(—1,1). The same symbol does not
necessarily denote the same constant from line to line.

1. Let w, g(x)=(1—x)*(1+x)? be a Jacobi weight on [ —1, 1] with
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parameters « and f(a, §> —1). For classical orthonormal (with weight
W, 5, Jacobi polynomials: {p*P(x)} (neZ,)

[P0 € Cgl1 =)~ 029 (14 x) 0219

(neZ,;—1<x<LiamB>—1
and
lpZ’ﬁ(x)!QCaﬁ (neZ+;—1<x<1;~1<a,ﬁ<—%)

are valid. In this case for the recurrence coefficients

T B dn(n+a)n+Bin+oa+f+2)
a=[a*P] =
" ” Ra+a+p—1)2n+a+p+2) 2n+a+p+1)

_1+1-2(a2+ﬂ2)+0(1>’

4 16n? n’®
u,=u'%P = p—a’ :52—a2+0(}_>
moon 2n+o+p)2n+a+p+2) 4n? n

the condition

n n
M= PP =14 3 Na@P =31+ } udP<C (neZ,)
k=0 k=0

is fulfilled.

2. Consider orthonormal system {p,} (neZ,) generated by the
recurrence relation (1.1), where

i (k+1D)(11—4ai, | +2 )< Clogn+1)  (n=1,2,..).

In [337 (cf also [50]) P. Nevai proved that there exist positive constants
Cy, C, independent of xe[—1,1] and neZ . such that
IpAx) < (1=x*)"2 (neZ,.;~1<x<l)

If we suppose

i (k+1) jac— 31+ § (k+1) lug| < o0, (2.11)
E=0 e =

k=0

then

PN SCL=x*)" Y [w(x)]™2  (neZ,; —-t<x<1)
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and
max [p(xX)<C(n+1) (neZ,)

—l<sx<

hold [15, 31, 50].

In particular, Bernstein—Szegd polynomials [48, pp.44-45], Askey-
Wilson g-polynomials {p,(x;a,b,¢c,d|q)} max(lql, lal, |b], [c], |d|<1)
[2,3,5], and the orthogonal polynomial system {68!(x;q)} (a>0,
lg] < 1) introduced by M. E. H. Ismail and F. S. Mulla [197] satisfy (2.11).

3. In [32], P.Nevai studied ONSP {p,} (neZ,), defined by the
three-term recurrence relation (1.1) with

1 -1 E 1 —1y'D 1
an:—+( ) +0<—3>, unz( ) +0<—2>,
n n n

2 n

where E, D are absolute constants. In this case there exist three positive
numbers a, b, and ¢ such that

Pi(x)SCU—xz)”b Ix] ¢ (neZ,; —-1<x<1)

and
w(x)=c b x| (1 —x?)°.

Note that for such parameters
N, < clog(n+2) (nez,).
If

w(x)=1x]* (1 —x?)°,

then one has a generalized Jacobi polynomial.
Let us define the auxiliary functions

B33, 2) == 13, )
2,055, ) = e A (57,
En(x,y,z)szn(x,y,z) (reZ,;—1<x,p z<1),
E.(x,y,2) =m E,(x,y,z)

1

R (x,y,z;0)= K, (x,y,2;4) (2.12)

o(x) o(y) o(2)
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where ¢(x) is the majorant of {p,} (neZ_) (cf (2.9)) and

n

K.y, z0)= 3 pdx)pe0)pelz) (neZ ;s —1<x,y,z2<1) (213}

k=0

are the first partial sums of the orthogonal series {1.7}.

THEOREM 2.4. Let ONSP {p,} (ncZ_) satisfy (1.3), (2.9) and suppose
that

Y A 142 <o (2.14)
k=0
and
fim A,4,,=0 {2.15)

hold, Then the kernel

Rix,y,z; )= lim K (x,y, 2 %)

exists for every x,y,ze{—1, 1) and

124 Yo -7 . y—a o, o
+ﬂ+};81ﬂa+ﬁ yS}nﬁ-‘_‘J sma ﬁ"}'?

4 sin 3 3 5 5

K(cos a,cos B, cos y; 1)

= i A(A)[ A, (cos a, cos B, cos y)

k=0

+ B, (cos a, cos B, cos y) + E(cos a, cos B, cos 9)], (2.16)

where the series on the right-hand side are absolutely convergent for
O<a, B, y<m

Proof. By the aid of Abel's summation by parts it can be inferred from
{2.13) that

K (x, 9,2 4)=2,D.(x, y, )
-1
— Y 40 Dilx, y,2)  (—1<xp,z< 1 inel,),
k=0
where the kernel 2,(x, y, z) is defined by (1.6). In consequence of the
formula {2.4) and the definition (2.12)
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(z—{ W, —2)KR(x,y,2; 2)
= lim Zﬂ[zn(‘x’ y’ Z) + En(x’ y’ Z) + Eﬂ('x’ y’ Z)]

n—1
— lim Z AGILALx, y, 2)+ B(x, y, 2) + Ei(x, p, 2) 1.

n—r O k=0

In view of the relations (1.3), (2.9), (2.10), (2.15), the first term of the last
sum vanishes for all x, y,ze(—1,1). The second term can be estimated
with

C i e 1441,
k=0

and from (2.14) we obtain that the series

Z A('lk)[zk(x: Vs Z)+Ek(x> Vs Z)+Ek(x’ Vs Z)]

k=0

converge absolutely for x,y,ze(—1,1). Putting x=cosa, y=cosp,
z=cosy and by (2.3), we have the formula (2.16), in accordance with our
statement.

3. A CONSTRUCTION OF THE “DOUBLE-HUMPBACKED MAJORANT
ESTIMATION OF THE LEBESGUE (QUASIFUNCTIONS

The estimations of Lebesgue functions of the kernel play an important
role in the treatment of expansions of functions in orthogonal polynomials.
We begin with the construction of the majorant. It is well known [29; 30,
p. 2627 that the nonnegative function

FX&n) (meZ ;¢ ne(ab)e(-11))

is called a “humpbacked majorant” for the sequence F,(&, #) in the variable
n at the point & if the following conditions are satisfied:

(1) forallneZ, and & e (a, b)

[F & ) <FXE )

(2) forfixed neZ,, £e(a, b), the function F}(&, n) is nondecreasing
on (a, &) and nonincreasing on (&, b).

We say that the function 9,(x, y,2) (—1<x,y,z<1;neZ,) (cf. (16),
(2.12)) has on (—1, 1) a “double-humpbacked majorant” Z*(x, y, z) in the
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variable z at the points {, (cf. (2.1)) if on each of the intervals {—1, xy}
and (xy, 1) it possesses a “humpbacked majorant” at the points {_, {,,
respectively; ie., for fixed x and y, @*(x,y,z) is nondecreasing on
{—1, {_), nonincreasing on ({ _, xy), nondecreasing on (xy, { . ), and non-
increasing on ({,, 1) ;

The following assertions play a significant role in our estimations.

LemMma 3.1, Ler ONSP {p,} (neZ ) satisfy the condition (1.3) and
(2.9). Then the function %,(x,y,z) has on {—1,1) in the variable z a
“double-humpbacked majorant” F¥(x,y,z) at the points {_, {, and,
Sfurthermore, the estimation

I 1 4+ 1
f DEx, y,2)dz < C Ay In z -
-1 A—Hi-y "
(neZ, ; —~1<x,y<l1)} 3.1

holds, where the constant C >0 is independent of neZ , and x, ye{—1, 1).

Proof. We show, that there exist “humpbacked majorants” for the
function J,(x,y,z) on (—1,xy) and (xy, 1) at the points {_ and {,,
respectively. We construct the “humpbacked majorant” for Z,(x, y, z) on
{xy, 1) at the point [, ; on the interval (—1, xp) the construction can be
deduced in a similar way.

At first, consider the case

(L=xy+ /(1= 1 -y #1, ie,x#p.

Put

H, A,
5= 1 "",-2 - 2, az"_—n"" — . 3
R e N e Y (R SO € 5)

By the relation (1.5) 8,0, & —0 (n—~ o). It follows from (1.3), (1.6),
(2.9), {2.10) that the following estimations are valid:

Cn+1) forallx, y,ze(~1,1) (3.3)

N,
7 C - forallx,y,ze{~1,1),
e NS ST T R > )
satisfying the condition

Hz—C WL, —2)1 >0, (3.4)

640/67/1-8
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where the constants C >0 do not depend on neZ, and x, y,ze(—1, 1).
Thus we define the “humpbacked majorant” by

1 1
N, if xy<z<{, -9,
JA =)=y — Y i
1 )
. C("+1)m, if {,—-6,<z<{,
Cn+1) , if { <z<{, +6,
(1—x)(1—y) =Ly ’ "
1 1
cA, if {,+6,<z<1,

(1-x>)(1—y})z—L"

where the constants C> 0 are independent of neZ, and x, y,ze(—1,1).
In fact, when xy <z < 1, then

2= )~ 2/ =x) A=) 2=, |.

So, for all x,ye(—1,1) and neZ, the estimate
1D(x, v, 2)| S T¥(x, p, 2) (neZ,.;xy<z<1)

holds. Next, by the defining relation

5% 0D *(x, v,
a@n(xayaz)>0(xy<2<é’+_5’1)’ _L(i_y_z)_<0(c++gn<2<l)
8z 0z
and
DHop 0o —8)=Crmi
N T T
1 1

5 £)=C(n+1 :
9,,(x,y,§++ n) (n+ ) (1_x2)(1_y2)1-——c+

Consequently, the function .@*(x ¥, z) is nondecreasing on (xy, () and
nonincreasing on ({,, 1). So P*(x,y,z)is a “humpbacked majorant” for
Z.(x,y,z) on (xy, 1) at the point { , .
Now consider

1 ~
I,,(x,y)=f DX(x,y,z)dz (neZ,; —-1<x,y<1).
xy
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This integral can be estimated in the following way; in virtue of the
majorant & *(x, y, z)

1 omtn g
L(x, ) <CH, j ’ z

V(T T S R S
1 [
+Cn+1) dz
~/(1——x2)(1»y2)£+~5n )
1 (a4 &p
! 7 j dz
\x(i—xz)(l—yz)i‘“g+ [
1
FCH, ! j =
VA=)~ ) va 2= 0y

Hence, using (3.2), we have

1 VI =x*)(1 =%
I(x, ) <CAH, !
n(.x y)< F"————-—(l_xz)(l_yQ) n 5n
1
— §
(1=x?)(1—-y*) "

1 1

+Cn+1 &,
Y Ta T e

1 1-,

cH, 1
i) b

i 1
<C AT

VA=) (1= A’

where the constant C >0 is independent of neZ, and x,ye(~1,1), in
accordance with out statement.
We still must consider the remaining case

+C(n+1)

+Cn+1)

{o=1, de,x=yp{_ =2x*—1
In this case we define the “humpbacked majorant” by

1 1
CME—:—XEE—“—Z’ if X2<Z<1'—5;,

D%y, 2)= i
s if 1-6,<z<1,
Cot D= i 1-6,<2<1

where C>0 are the absolute constants and &,= (A,/(n -+ 1))(1 —x?).
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Obviously, the function Z,(x, x, z) is nondecreasing on (x2 1—4,) and
nonincreasing on (1—4,,). Furthermore, as above, we have by
straightforward calculation

L 1 1=6y =z 1 1
. - il —_—
Lz 27 (x, x, 2) dZ<CJV,,1_x2L2 1__Z+C(n+1)(1_x2)2£_5n dZ

2

1— 1
In—— 4 Cn4 1) —— &

<CHy—— .
ey (1—x2)2°"

By the defining relation

1~ 1 n+1
sz @,’f(x, X, Z) dz< C./an—_‘_?lnj‘/,;—,

where the constant C> 0 is independent of ne Z, and xe& (—1, 1). It coin-
cides with (3.1) as x= y.

We have completed the proof of our assertion.

By virtue, of “symmetry” of the function Z*(x, y, z) we can construct
“double-humpbacked majorants” in the variables x and y.

COROLLARY 3.2. Assume that ONSP {p,} (neZ,) with the weight
w(x) satisfy (1.3) and (2.9). Then for Lebesgue’s quasifunctions L, the
Jollowing estimations hold:

~ oL 1 n+1
Lx,9)=| 19x v 2)dz<C A, 1n
()= 19w .2)l de e N

N Loel n+1
L= [ xpalddsc

N In ———.

1
1—=x? N

The constants C >0 in the relations (3.5) are independent of neZ, and
x, ye(—1,1). In fact, the first estimation (3.5) can be deduced from (3.1),
and, consequently,

LS ! 1 1
f f I%(x,y,Z)ldydzscf A
—17-1 -1/ (=2 (1= %) A
AL

1
J1=x? N,

This shows the validity of Corollary 3.2.

dy

<C
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We consider the pointwise estimation for the partial sums of the
following Fourier expansions

Y hnn)  Fe=| f@pde) e dz (ke Z,)
k=0 -1

and
Z J? ik PilX)s
k=0

Fa=[ [ 002 p0) pil) W) wla) dy s (ke 2., )

This problem arises, for example, in the Fourier method for partial
difference equations [23, pp. 1211247,

COROLLARY 3.3. Let ONSP {p,} (neZ ) satisfy (1.3) and (2.9). Then
the following statements are valid.

(1) at every x, ye (—1, 1) the following estimation

i Jepil x)pk(y)‘

p(x) oy

Clifewl s * T i

is valid, where the constant C>0 is independent of f, neZ ., and
x,ye(~1,1)
(2) at every xe(—1, 1) the estimation

(neZ.)

<25 g ttl

1—x? N

; fkkl’k(x)

Sup  [If (. 2) o(y) p(z) wly) w(z)]

»zel(—L1)

holds; the comstant C>0 here is independent of the function f and the
variables neZ ., xe (-1, 1).

It can be seen without difficulty that

2 S0 pl) = [ 109,052 wiz) de
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and
no 1l
Y Furd)=] [ £(2) Bl 1) w(r) wiz) dy
k=0 —17-1

from which by (3.5) the results follow.

Remark. The methods of Section 3 give us an opportunity to
investigate ONSP {p,} (neZ ) for which, instead of (2.9), the estimation

lpn(x)lgMn(p(x) (HEZ+;——1<X<1)

holds, but the right-hand side of (3.5) becomes more complicated.
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